A note on q-Eulerian numbers  by Carlitz, L
JOURNAL OF COMBINATORIAL THEORY, S’XieS A 25, 90-94 (1978) 
Note 
A Note on q-Eulerian Numbers 
L. CARLITZ 
Department of Mathematics, Duke Uniuersity, Durham, North Carolina 27706 
Communicated by the Managing Editors 
Received May 21, 1977 
The paper contains a combinatorial interpretation of the q-Eulerian numbers 
suggested by H. 0. Foulkes’ combinatorial interpretation of the ordinary 
Eulerian numbers. Some applications are also given. 
The Eulerian numbers A,,k may be defined [5, Chap. 81 by means of 
They satisfy the recurrence 
A n+l,k: = kAn,k: + (a - k + 2) 4e-1 
and the symmetry relation 
A n,lr = &,s--h.+l (1 < k <n). 
(1.2) 
(1.3) 
Moreover A,,I, is equal to the number of permutations of 2, = {1,2,..., n> 
with k rises, where it is understood that we count a conventional rise on the 
extreme left. Thus, for example, the permutation (n = 4) of 2134 has three 
rises. 
Foulkes [3] has recently given the following new combinatorial interpre- 
tation of A,,, . Given a rectangle of nodes arranged in k columns and 
n - k + I rows, consider the set of (;I:) paths from the bottom left-hand 
corner to the top right-hand corner which proceed by a sequence of steps, 
either upward or to the right. In any such path s, attach the lable i to any 
horizontal step in the ith row, counting upward, and attach the label i to 
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any vertical step in the ith column, counting from left to right. Denote the 
product of these n - 1 labels by P, . Then 
A Iz,k = c P, ? (1.4) 
summed over the (z-i) paths in the rectangle. (We note that Foulkes’s notation 
for the Eulerian numbers differs somewhat from the notation used here.) 
2 
The writer defined q-Eulerian numbers An,k(q) in the following way [l]: 
where [x] = (1 - q”)/(l - q) and 
X f 1 
(1 -q5)(j _ q-l) . ..(I _ prn+y 
m - (1 -q)(I -qZ)*..(l -4”) . 
It follows from (2.1) that 
A m+wctq) = h - k + 21 Am,,-A) + qm-“+Wl hoc(q). 
If we put 
(2.2) 
A, k(q) = q(m-k)(nl-L+1)/2A~,k(q), 
then (2.2) becomes 
4L.&) = [m - k + 21 A;,,-&) + PI 4%). 
Moreover A&(q) satisfies 
(2.3) 
4k&) = A&,-k+&) (1 < k < m). (2.4) 
It follows from (2.3) that AZ,,(q) is a polynomial in q of degree 
(k - l)/(m - k) with nonnegative integral coefficients. We put 
(k-l)(m-k) 
Akk(q) = 1 ah k t> qt. (2.5) 
t=0 
A combinatorial property of a(m, k, I) (due to Riordan) is stated without 
proof in [l]. The following equivalent property was proved recently in [2]. 
Let Z- denote a permutation of 2, = (I, 2,..., n) with k rises and therefore 
tt - k + 1 fulls; we count a conventional rise on the extreme left and a 
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conventional fall on the extreme right. We shall label both rises and falls by 
the positions of their left-hand elements. Let the rises have positions . . 
10 9 z1 ,..., ikPl and let the falls have positions j, , j, ,..., j,_,+, . For example 
the permutation .2.431.65 has rises at positions 0, 1, 4 and falls at 2, 3, 5, 6. 
Put 
i = i. + il + .-. + ikeI , j =.A +.A + ... +.L+, , (2.6) 
so that 
i+j= &z(n+ I). 
It is proved in [2] that the coefficient a(~, k, i) occurring in (2.5) is equal to the 
number of permutations 7r of 2, with k rises and i as defined in (2.6). 
3 
We shall now show that the polynomial AZ,,(q) can be exhibited by a 
scheme like (1.4). Exactly as in the case of (1.4), we consider the set of (;I:) 
paths from bottom left-hand corner to the top right-hand corner of a rectangle 
of k columns and n - k + 1 of rows. Suppose that a given path s has the 
individual labels i I , i 2 ,..., in-, so that 
We now define 
P,T = iliz . .* in-, . (3-l) 
P,(q) = MM *.. L-A (3.2) 
where [x] has the same meaning as in (2.1). Clearly, for q = 1, (3.2) reduces 
to (3.1). 
We show that 
4xd = 1 P,(q), (3.3) 
where the summation is over the (:I:) paths in the rectangle. 
For n = 1, k = 1, (3.3) is obviously correct. For n = 2, k = 1, there is 
the single permutation 2 1 and the single path with label 1; similarly for n = 2, 
k = 2, there is the single permutation 12 and the single path with label 1. 
Hence we assume the truth of (3.3) for Z, , Z, ,..., Z,-, . Then by (2.3) 
and the inductive hypothesis 
&,(q) = RI .4+-:--l.&) + [a - k + 11 &,dd 
= PI C P,,(q) + in - k + 11 C P,,(q), 
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where s1 runs through the paths in an (n - k) x k rectangle while s2 runs 
through the paths in an (n - k + 1) x (k - 1) rectangle. 
Every path in the original (n - k + 1) x k rectangle is obtained by either 
adding a vertical step to the right hand extremity of s1 or adding a horizontal 
step to the right hand extremity of s2 . In the first case the individual label 
[k] is required, in the second case the individual label [n - k + 11. This 
completes the proof of (3.3). 
The proof of (3.3) is of course just like the proof of (1.4). 
As an example of (3.3) we take n = 5, k = 3. There are six paths, namely, 
1133, 1223, 1223, 1223, 1223, 1133. 
Thus, according to (3.3), 
45,3(q) = 2(1 + 4 + q2j2 + 4(f + qj2(l + q + q2) 
= 31 + 4 + q2)(3 + 5q + 3q2) 
= 2(3 + 8q + llq2 + 8q3 + 3q4), 
which is correct. 
4 
A formula like (3.3) can be stated for the coefficient a(n, k, t) occurring 
in (2.5). For a given path S, put 
P,(q) = c P&> qt. 
t 
(4.1) 
Then it is evident that 
(4.2) 
Now it follows from (3.2) that, for all paths S, P,(q) is a polynomial of 
degree (k - l)(n - k) with positive integral coefficients. Moreover, since 
1 - q-7” 1 - 9 n - 1 9” 
1 ---l ==l--q' 
we have 
Hence (4.1) gives 
p,((k - l)(n - 4 - t) = P.&) (0 < t < (k - l>(n - k)). (4.3) 
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Then (4.2) implies 
a(n, k, (k - I)@ - k) - t) = ah, k, t) (O<t,<(k--)(/z-k)) (4.4) 
and therefore 
q’“-‘“n-“‘&,(q-1) = AZ,,(q) (1 < k < n). (4.5) 
Both (4.4) and (4.5) had been proved previously. 
It is clear from (3.2) that, for every path s, the coefficients of P,(q) have the 
unimodal property. It therefore follows from (3.3) that, for fixed k, the coeffi- 
cients of A,,,(q) also have the unimodal property. It is known that the 
Eulerian numbers {A,,rc , I ,< k < n} have the unimodal property. Indeed 
they satisfy the stronger (S.L.C.) condition [4] 
A:,, > &,wLtl (1 < k < n). (4.6) 
5 
The following table of A,X,dq), 1 < s < it < 5, is computed using the 
recurrence (2.3). 
\ n k 1 2 3 4 5 
-___ 
1 1 
2 1 I 
3 1 2u + 9) 1 
4 1 3 + 5q + 3q2 3 + 5q + 392 1 
5 1 4 + % + 9q2 + 4qs 6 + 16q + 22q2 + 16qs + 6q4 4 + 9q + 992 + 4q3 1 
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